I. INTRODUCTION
A century after von Laue and the Braggs were awarded Nobel Prizes for x-ray diffraction from crystals 1 , novel sources of x-rays permit experiments that their contemporaries could not have imagined. The new X-ray Free-Electron Lasers (XFELs) provide a peak brilliance more than 20 orders of magnitude greater than conventional x-ray tubes. [2] [3] [4] [5] X-ray scattering is therefore no longer confined to crystalline samples where the scattering signal is enhanced by constructive interference from a periodic lattice and experiments in the gas or liquid phases are possible. Moreover, XFELs emit pulsed radiation that allows for investigation of structural changes and chemical reactions in real time. [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] In one remarkable example of these novel experiments, non-resonant scattering of hard xrays from the Linac Coherent Light Source 2 was used to identify reaction paths of the electrocyclic ring-opening of 1,3cyclohexadiene to 1,3,5-hexatriene 7, 8 , thus providing insights into chemical reaction mechanisms that are complementary to the information accessible from spectroscopy. 13, 19 It is likely that the duration of pulses at XFELs will reduce further in the near future [20] [21] [22] [23] [24] , making it possible to study even faster processes such as the rearrangement of electrons during chemical reactions.
In ultrafast x-ray scattering experiments a target molecule interacts with two sequential pulses of electromagnetic radiation, the pump and the probe. The pump pulse, normally generated by an optical laser, excites the molecule and thereby induces dynamics such as photochemical reactions or photophysical relaxation. The probe pulse, which has a mean photon energy in the hard x-ray regime of several keV, is scattered by the excited molecule onto a detector. By changing the pump-probe delay time, the scattering signal is measured at different points in time. The resulting series of snapshots contains time-resolved information about the dynamics triggered by the pump pulse.
Extracting information from the experimental data is nontrivial. Inversion procedures that transform the scattering siga) Electronic mail: kbmo@kemi.dtu.dk b) Electronic mail: adam.kirrander@ed.ac.uk nal directly into the electron density and thereby reveal the molecular structure rely on rough approximations such as the Independent Atom Model (IAM) and its underlying assumption that the time-dependent signal is elastic. [25] [26] [27] Inelastic scattering that involves a transfer of energy between the photons and the molecule is only accounted for in a very approximate manner, if at all. The validity of these approximations is not generally assured. The elastic and the inelastic signals are usually integrated on the detector and the inelastic contribution cannot generally be assumed to be constant. 28, 29 The reorganization of the electron density due to bonding or electronic excitation is furthermore not accounted for in the framework of the IAM. 30, 31 A particularly dramatic failure of the assumption that the time-dependent scattering signal is elastic was demonstrated in a seminal paper by Dixit, Vendrell, and Santra, who showed that the scattering signal of an electronic wave packet deviates substantially from the Fourier transform of the time-dependent electron density. 32 All of the above emphasizes that time-resolved scattering experiments must be accompanied by numerical simulations based on a sound and elaborate theoretical framework.
Pioneering work that addressed the theoretical description of time-resolved x-ray scattering was published by Wilson et al. already in the 1990s. 25, 33, 34 Without explicitly treating the x-ray pulse and its interaction with the material system in terms of electrodynamics, the authors extended the theory of conventional static scattering to the case of time-dependent states. Remarkably, their approach led to equations very similar to those obtained by more recent and fundamental derivations. Most notably, Cao and Wilson 25 could distinguish the same three components to the scattering signal identified in more recent work 28, [35] [36] [37] : elastic scattering, inelastic scattering, and scattering related to electronic coherences.
In 2002, Bratos et al. discussed time-resolved x-ray scattering by incorporating the x-ray pulse in terms of classical electrodynamics. 38 Six years later, Henriksen and Møller provided a fully quantized description that utilized quantum electrodynamics 39 , an approach they elaborated further in subsequent publications 26, 27, 40 and which was adapted for quantum molecular dynamics simulations by Kirrander et al. 41 . The already mentioned paper by Dixit et al. had provided the first simulation of time-resolved x-ray scattering that fully applied the quantum description to scattering by the This is the author's peer reviewed, accepted manuscript. However, the online version of record will be different from this version once it has been copyedited and typeset.
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hydrogen atom. 32 In 2017, Mukamel and co-workers calculated the x-ray scattering signal of sodium fluoride following UV excitation from the X Σ 1 + ground state to the A Σ 1 + excited state 35, 37 , showing that time-resolved x-ray scattering can carry signatures of short-lived electronic coherences created at the avoided crossing between the ground and excited state. Their treatment, however, considered only the two electronic states occupied by the wave packet, meaning that inelastic scattering to other bound states was neglected, and the scattering signal was reduced to a single dimension in reciprocal space. In a recent article 28 , we addressed these aspects and investigated the role of electronic coherence further, reporting an extensive simulation of scattering from a wave packet in the hydrogen molecule. Despite the advances made, it is clear that aspects of the theory of time-resolved x-ray scattering remain opaque, as exemplified by a recent debate regarding heterodyne interferences in the scattering signal of photoexcited molecules in the gas phase. 37, [42] [43] [44] [45] It is therefore necessary that the theory is discussed in greater detail and that the nature of the different contributions to the scattering signal are illustrated by simulations. With this in mind, we elaborate the theoretical framework for ultrafast scattering from molecules that was partially applied in our previous work 28 , in particular with respect to different detection window limits and total scattering. The theory identifies the different components in the scattering signal and key aspects are explained in detail. As a concrete example of an application of the theory, a simulation of the total scattering signal of the hydrogen molecule subsequent to excitation from the X Σ 1 + g ground state to the B Σ 1 + u excited state and for an x-ray pulse with 10 fs duration is presented. All components of the total scattering signal are evaluated on a two-dimensional detector and their magnitudes are quantified and compared. This provides insights that extend our own previous work and the seminal contributions by Mukamel and co-workers and will hopefully contribute to a more complete understanding of time-resolved x-ray scattering by molecules.
II. THEORY
The time-resolved differential x-ray scattering signal dσ /dΩ per solid angle Ω obtained using first-order perturbation theory and a fully quantized description of the x-ray pulse is 39, 40 ,
where (dσ /dΩ) Th is the differential Thomson scattering cross-section for a free electron, I(t) and C(δ ) are the photon number intensity and the linear coherence function of the x-ray pulse with their corresponding times t and δ , and ω 0 and ω s are the angular frequencies of the incident and scattered x-ray photons, respectively. L(q,t, δ ) is the scattering probability at point q in reciprocal space at times t and δ . It is given by,
where the bracket implies integration over all electronicr = (r 1 , . . . , r N e ) and nuclearR = (R 1 , . . . , R N at ) coordinates. Moreover, Eq. (2) contains the time-dependent wave function |Ψ(t) , the molecular HamiltonianĤ M , and the one-electron scattering operatorL = ∑ N e n=1 exp (ιq · r n ), where ι is the imaginary unit,h = h/2π Planck's constant, and q = k 0 − k s the scattering vector in terms of the wave vectors of the incident and the scattered photons, k 0 and k s . The sum runs over all N e electrons of the molecule and r n is the real-space coordinate of an electron with index n. We note that the pumpprobe delay time is contained within I(t) and that the effect of the pump pulse is embedded in the propagation of the molecular wave function |Ψ(t) .
The molecular wave function |Ψ(t) in Eq. (2) can be expanded in a basis of N electronic eigenstates |ϕ k (R) that depend parametrically on the coordinatesR of the N at nuclei and obey the electronic Schrödinger equationĤ e |ϕ k (R) = V k (R) |ϕ k (R) with eigenvalues V k (R),
where the time-dependent ket |χ k (t) is the nuclear wave packet on electronic state k. It can be expressed as a timedependent superposition of rovibrational eigenstates of the nuclear Schrödinger equation in the framework of the Born-Oppenheimer approximation, T N + V k (R) |χ¯k = E¯k|χ¯k withk = k, ν k , J k , where ν k and J k are the vibrational and rotational quantum numbers,T N is the kinetic energy operator of the nuclei, and E¯k is the total energy of the molecule in electronic state |ϕ k (R) . With time-dependent coefficients a¯k(t), the superposition is,
Insertion of the resolution of the identity in the direct product basis of nuclear and electronic eigenstates,
after each of the three exponential time-propagation operators in Eq. (2), yields the scattering probability in terms of,
where ωf¯i¯j = Ef − [E¯i + E¯j]/2 /h and the action of the molecular Hamiltonian upon the nuclear and electronic eigenstates is approximated adiabatically as,
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We note that Eq. (7) is applied to the propagation in time δ only and does not imply that the molecular wave packet itself evolves adiabatically. The wave packet is propagated in time t and non-adiabatic effects can thus be accounted for fully (see also footnote 46 ).
The scattering probability L(q,t, δ ) in Eq. (6) contains scattering amplitudes given by one-electron scattering matrix elements, (8) which are Fourier transformed expectation values of the oneelectron density operator,ρ(r) = ∑ N e n=1 δ (r − r n ), 47 where the sum runs over all electronic coordinates of the molecule and δ (r − r n ) is a Dirac delta function that sifts out the electronic coordinate r n . The Fourier transform from real to reciprocal space is,
with
which for f = i is the one-electron density (often just called the electron density) and for f = i is the one-electron transition density.
Using the scattering probability from Eq. (6), the x-ray scattering signal given by Eq. (1) becomes 40 ,
The integral over δ in Eq. (11) is a Fourier transform of the linear coherence function C(δ ) and equal to the spectral density at angular frequencies ω s − ω 0 + ωf¯i¯j,
Hence, Eq. (11) can be re-written as,
Following the common approximation first introduced by Waller and Hartree 48 , we can further assume that the difference in energy between the incident and scattered photon is small compared to the mean photon energy of the x-ray pulse, i.e. ω s ≈ ω 0 . Thus, the scattering vector q that generally depends on both ω 0 and ω s becomes independent of ω s and Eq.
(13) simplifies to,
whereq denotes a scattering vector that does not depend on ω s and Wf¯i¯j(∆ω) refers to the remaining integral over ω s which acts as a window function,
The parameter ∆ω in Eq. (15) defines the detection window, i.e. the range of angular frequencies around the mean ω 0 that are accepted by the detector. The parameter ∆ω has to be significantly smaller than ω 0 to ensure that the assumption ω s ≈ ω 0 is justified. In the following, two different detection window limits as well as their implications are discussed. We note that a similar analysis of the effects of the window function was published earlier by Dixit, Slowik, and Santra. 49 
A. Intermediate Detection Window
Considering that mean photon energies of several keV are used in non-resonant x-ray scattering experiments, the detection window ∆ω can be much larger than the rovibrational transition energies of the molecule. Under such conditions, inelastic transitions to all nuclear eigenstates are detected with equal weight and the window function becomes independent of the rovibrational quantum numbers,
where W f i j (∆ω) depends only on the electronic energies. Eq. (16) implies that ωf¯i¯j involved in Eq. (15) can be replaced by an angular frequency
the electronic energy of electronic state |ϕ f (R) . Since Eq. (16) requires that differences on the order of the rovibrational energies do not alter the window function, the precise value of the electronic energies is not very important and a sensible choice is V f = V f (R 0 ), whereR 0 is the equilibrium geometry. Note that Eq. (16) retroactively justifies the adiabatic approximation made in Eq. (7) . The non-adiabatic couplings of the electronic and nuclear motion can be neglected when the propagation in time δ is considered, since the choice of the detection window ∆ω implies that the detector is not sensitive to the resulting changes in photon energy. Within the limit of the approximation embodied by Eq. (16), the differential scattering signal in Eq. (14) simplifies to,
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where the three sums over the rovibrational eigenstates have been eliminated using Eq. (4) and the resolution of the identity in the nuclear subspace,1R = ∑ ∞ ν k ,J k |χ¯k χ¯k|. Eq. (17) permits the identification of three different components in the scattering signal,
First, if all indices are the same, i.e. if i = j = f , the scattering signal will be elastic,
where the window function W (∆ω) is independent of the electronic state indices, since ω f i j = 0. Second, if i = j = f , the scattering signal will be electronically inelastic,
where W f i (∆ω) depends on the angular frequency of the inelastic transition,
The coherent mixed component in Eq. (21) is caused by intramolecular interference of scattering amplitudes from different electronic states, |ϕ i (R) and |ϕ j (R) , that have nonzero population in the molecular wave packet given by Eq.
(3). The product of one-electron scattering matrix elements in Eq. (21) is weighted by the product of the corresponding nuclear wave packets, |χ i (t) and |χ j (t) , on each of the superposed electronic states. The coherent mixed component is therefore a direct probe of the degree of transient electronic coherence or wave packet overlap, respectively. 28, 35, 37 In systems that become decoherent within a few femtoseconds 50,51 , the component will vanish accordingly. Moreover, the coherent mixed scattering displays a rapid beating with a period of T = h/∆V i j , where ∆V i j is the difference in energy of the two superposed states at the time when the coherence is created. The coherent mixed component will only be resolved if the duration of the x-ray probe pulse described by I(t) is shorter than this period.
B. Large Detection Window
A mean photon energy of several keV also permits a detection window ∆ω that is much larger than the electronic transition energies of the molecule without invalidating the approximation ω s ≈ ω 0 . Under such conditions, inelastic transitions to all electronic eigenstates are detected with equal weight and the window function becomes generally independent of the angular frequency ω f i j ,
When Eq. (22) is valid, the differential scattering signal in Eq. (17) simplifies further to,
where the infinite sum over the electronic eigenstates has been eliminated by recognizing the resolution of the identity in the electronic subspace,1r
Eq. (23) contains two-electron scattering matrix elements,
whereL is the one-electron scattering operator that depends oñ q. Since terms with m = n in Eq. (24) reduce to the Kronecker delta δ i j , the two-electron scattering matrix element can be written as,
where Λ ji (q,R) is the pure two-electron part of Λ ji (q,R) with m = n. Similarly to how the one-electron scattering matrix element L f i (q,R) is related to the Fourier transformed expectation value of the one-electron density operator by Eqs. (9-10), Λ ji (q,R) is a doubly Fourier transformed expectation value of the two-electron density operator,ρ(r 1 ,
where
Analogous to Eq. (18) in the limit of the intermediate detection window, three distinct components of the scattering can be identified in Eq. (23),
The first contribution to Eq. (28) forms a constant background,
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first term of the two-electron scattering matrix element in Eq. (25) , N e δ i j , and corresponds to the scattering signal from N e free electrons. It reflects that from the perspective of an x-ray photon an electron can move freely within the bound system when all electronic transitions are allowed with equal weight. Thus, dσ bg /dΩ is a global, time-independent quantity that can be subtracted from the total scattering signal without loss of structural information. It is the one-electron part of the sum of the elastic and inelastic components, Eqs. (19) and (20) , in the limit of a detection window that is much larger than the electronic transition energies of the molecule.
The second contribution to Eq. (28) is the two-electron component,
which originates from the two-electron scattering matrix element in Eq. (25), Λ ji (q,R), with i = j. As its name suggests, it is the pure two-electron part of the sum of the elastic and inelastic components in the limit of a large detection window.
It corresponds to what Waller and Hartree have termed excess scattering. 48 Since the one-electron part in Eq. (29) forms a constant background, all structural information in Eq. (23) is contained in dσ 2e /dΩ. This shows, together with Eq. (26), that total scattering by molecules in the gas phase measures more than just the one-electron density, in marked contrast to diffraction from crystalline matter which is predominantly elastic and probes almost selectively the one-electron density. Finally, the third contribution to Eq. (28) corresponds to the previously discussed coherent mixed component,
which stems from the element Λ ji (q,R) with i = j and is the coherent mixed component from Eq. (21) in the limit of a large detection window. Note that this component will vanish if the two electronic states, |ϕ i (R) and |ϕ j (R) , have different inversion symmetry, i.e. if one state is gerade and the other ungerade. This follows from the symmetry properties of the two-electron scattering matrix element Λ ji (q,R). 40 Comparing the intermediate and large detection window limits, the main difference between the coherent mixed components with i = j is that the sum for the large window runs over the occupied electronic states only, since the transitions to all final states |ϕ f (R) are accounted for implicitly. With i = j, the elastic and inelastic components map onto the background and two-electron components. This is analogous to how the elastic and inelastic components add up to the total scattering 29 in the situation where the coherent mixed component vanishes due to either insufficient electronic coherence, an incoherent x-ray pulse, or a lack of time-resolution.
III. SIMULATION
To illustrate the theory discussed in Section II, we present a simulation of the ultrafast total x-ray scattering signal in the limit of a large detection window by the hydrogen molecule in a non-stationary state. This includes an analysis of the elastic and inelastic components.
Initially, the molecule is in the electronic and vibrational ground state X Σ 1 + g (ν = 0). It is excited by a transformlimited Gaussian extreme ultraviolet (XUV) pulse centred at t = 0 fs, that has a full-width half-maximum (FWHM) duration of 25 fs and a mean photon energy of 14.3 eV. The electric field amplitude of the pump pulse is 53.8 MV/cm, which corresponds to a peak intensity of 7.69 TW/cm 2 . The pump excites 10% of the population to the first excited electronic state,
, are not included for the sake of simplicity. The same parameters were applied in a previous study 28 and a similar wave packet has been probed experimentally by strong-field dissociative ionization 52 .
The two-dimensional differential scattering signal dσ /dΩ is simulated for coherent and transform-limited x-ray pulses with a photon number intensity described by a normalized Gaussian function,
where τ is the pump-probe delay time and the pulse has a duration of d x = 10 fs (FWHM), which corresponds to a standard deviation of σ = d x /(2 √ 2 ln 2). The mean photon energy of the pulse ishω 0 = 8.5 keV. It propagates in laboratoryẑ direction, while the H-H bond of the hydrogen molecule is assumed to be perfectly aligned with the laboratoryx axis. Rotational wave packets are not considered. In accordance with the limit of a large detection window defined by Eq. (22), it is assumed that all inelastic transitions within the molecule are contributing with equal weight, i.e. W (∆ω) ≈ 1. The detection window and the chosen pulse duration preclude a detection of the coherent mixed component and the total signal is therefore elastic and inelastic only.
A. Computational Details
The simulations include the first two electronic singlet states of the hydrogen molecule, X Σ The molecular orbital coefficients and CI vectors are optimized to convergence thresholds of 10 −6 and stored for later use when larger than 5 × 10 −5 . Similarly, the one-and twoelectron density matrices in the basis of natural orbitals are This is the author's peer reviewed, accepted manuscript. However, the online version of record will be different from this version once it has been copyedited and typeset.
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calculated and stored.
From these two electronic states, all diagonal one-and two-electron scattering matrix elements are computed using our own scattering codes 30, 56, 57 . The evaluation of the twoelectron scattering matrix elements is based on the work of Wang and Smith 58 , but does not involve the spherical average. Each of the resulting 964 matrix elements is evaluated on a two-dimensional grid in the q x -q y plane that comprised 1210 points distributed across 19 equally spaced concentric circles with one point at the origin. The scattering matrix elements are interpolated to a smaller grid spacing of ∆R = 0.005 Å to match the quantum dynamics simulation (see below).
The nuclear wave packet is propagated with the splitoperator method 59 implemented in the WavePacket program 60 .
The initial wave packet is the vibrational ground state, X Σ 1 + g (ν = 0), calculated with the Fourier DVR method 61 . The wave packet is propagated from t = −100.00 fs to t = 350.00 fs in time steps of ∆t = 0.01 fs and the pump pulse described above is included explicitly in the simulations. The dynamics on the potential energy curve of the B Σ 1 + u state is adiabatic, since the non-adiabatic coupling 62 to the B Σ 1 + u state is insufficient to lead to non-adiabatic population transfer.
The simulation was run on a regular spatial grid with H-H bond lengths of 0.500 Å ≤ R ≤ 6.500 Å with steps of ∆R = 0.005 Å. The highly accurate benchmark potential energy curves 63, 64 and transition dipole moments 65 With the electronic energies, the one-and two-electron scattering matrix elements, and the nuclear wave packets at hand, the total differential x-ray scattering signal and its elastic components are calculated by means of Eqs. (28) to (31) and (19) , respectively. The inelastic component is obtained by subtraction of the elastic from the total signal. The integrals over t and R are evaluated numerically by the trapezoidal rule. Difference scattering signals are obtained by subtraction of the stationary ground state reference signal at τ = −100 fs (i.e. pump on − pump off).
B. Results
The two calculated potential energy curves V k (R) of the X Σ 1 + g and the B Σ 1 + u states of the hydrogen molecule are shown in Fig. 1 . The curves are in close agreement with the highly accurate benchmark data from Wolniewicz et al. 63, 64 . They deviate by 48 meV and 49 meV at most and by 11 meV and 30 meV on average, respectively. Considering furthermore that additional MRCI [66] [67] [68] calculations performed at a few representative values of R lead only to an insignificantly better agreement, one can conclude that results are close to the full-CI limit for the chosen basis set.
The nuclear density propagated on the adiabatic potential energy curve of the excited B Σ 1 + u state, |χ B (R,t)| 2 , is shown in Fig. 2 . At around t ≈ 0 fs and R ≈ 0.76 Å, a Franck-Condon wave packet is excited from the ground state. Because the potential energy curve of B Σ 1 + u has a negative gradient at that point, the wave packet accelerates towards larger H-H bond lengths R. At t ≈ 31 fs, the wave packet reaches the outer turning point with a maximum mean bond length of R ≈ 5.18 Å. The wave packet then accelerates towards smaller R and reaches the inner turning point with a minimum mean bond length of R ≈ 2.33 Å at t ≈ 62 fs. After that, the wave packet continues to oscillate between the inner and outer turning points with a period of T vib ≈ 62 fs. The mean bond length R at the inner and outer turning points is slightly increasing and decreasing over time, respectively, reflecting the gradual dispersion of the wave packet. Moreover, the nodal structure in the density that becomes visible after the first outer turning point reflects that the wave packet is vibrationally highly excited. The XUV pump pulse has enough energy to excite vibrational eigenstates up to B Σ 1 + u (ν = 28). The nuclear wave packet on X Σ 1 + g , in contrast, remains essentially stationary with its population depleted by 10%.
Following Eqs. (19) and (30) , the evolution of the nuclear densities |χ X (R,t)| 2 and |χ B (R,t)| 2 determine the timedependent changes in the elastic and inelastic components of the total scattering signal. Detector images of the resulting total difference scattering patterns (pump on − pump off) as well as their elastic and inelastic components are shown in Fig. 3 for three representative pump-probe delay times τ that cover a full period of the nuclear oscillation. The scattering intensities are given in units of the Thomson scattering crosssection (dσ /dΩ) Th throughout. This is the author's peer reviewed, accepted manuscript. However, the online version of record will be different from this version once it has been copyedited and typeset. The elastic difference scattering patterns in the top row of Fig. 3 are practically identical to those presented in our previous work 28 , regardless that the x-ray pulse duration is two orders of magnitude longer. The patterns are negative everywhere in the detector plane at all pump-probe delay times τ. This reflects the fact that the one-electron density of the B Σ 1 + u state is more diffuse than the one-electron density of the ground state. In compliance with Friedel's law, the elastic patterns display a centrosymmetric D 2 rosette group symmetry. Each pattern has two symmetric minima on the horizontal q x axis. At τ = T vib , when χ B (R,t) reaches its inner turning point first, the minima take a value of roughly −0.26 at q x ≈ ±0.93 Å −1 . At τ = (1/2) T vib and τ = (3/2) T vib , when χ B (R,t) reaches its outer turning point for the first and second time, respectively, the minima decrease to −0.34 and move closer to the origin to q x ≈ ±0.68 Å −1 . These changes reveal that the one-electron density is shifted from the centre of the molecule towards its periphery, thereby adjusting to the increase of R .
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The inelastic difference scattering signals in the middle row of Fig. 3 are completely positive and largest in the vicinity of the q x -q y coordinates where the minima in the elastic patterns appear. This reflects that a transition induced by an inelastically scattered x-ray photon is more likely to occur from the B Σ 1 + u state than from the X Σ 1 + g ground state. Like the elastic patterns, the inelastic ones are centrosymmetric and obey Friedel's law. Two symmetric maxima on the q x axis dominate The elastic patterns are practically identical to those calculated previously for a two orders of magnitude shorter x-ray pulse duration. 28 the patterns. At τ = T vib and q x ≈ ±0.87 Å −1 , these maxima are roughly 0.17. At τ = (1/2) T vib and τ = (3/2) T vib , the maxima increase to approximately 0.21 and move closer to the origin to q x ≈ ±0.64 Å −1 . As before, these changes are caused by the nuclear motion.
The fact that the inelastic component in Fig. 3 is calculated by subtraction of the elastic from the total signal, not by solving the sum-over-states expression Eq. (20) , implies that it is intrinsically converged. In contrast to our previous work (see Ref. 28) , it is therefore possible to quantify the magnitude of the inelastic component and to compare it to the elastic signal. Remarkably, the inelastic difference scattering is on the same order of magnitude as the elastic. Its maxima amount to more than 60% of the absolute minimum values of the corresponding elastic patterns. This demonstrates clearly that the inelastic component contributes significantly to the total difference scattering and cannot be neglected.
Finally, the total difference scattering patterns are shown in the bottom row of Fig. 3 . They are predominantly negative with only small positive signal at large values of q and at angles around 0 • or 180 • . Naturally, the patterns display the same D 2 rosette group symmetry as their elastic and inelas-This is the author's peer reviewed, accepted manuscript. However, the online version of record will be different from this version once it has been copyedited and typeset. PLEASE CITE THIS ARTICLE AS DOI:10.1063/1.5110040 tic components. Again, two symmetric minima on the q x axis dominate. At τ = T vib and q x ≈ ±1.05 Å −1 , they are roughly −0.09. At τ = (1/2) T vib and τ = (3/2) T vib , the minima decrease to approximately −0.14 and move closer to the origin to q x ≈ ±0.80 Å −1 . Due to the opposite signs of the elastic and inelastic components and their comparable magnitudes, the intensity of the total difference scattering is significantly weaker than the pure elastic signal. The minima appear to be only around 35% to 42% as strong. However, the contrast between the patterns at the inner and outer turning points is more pronounced in the total scattering. The positions of the minima are furthermore shifted by 0.12 Å −1 towards larger values of q relative to the elastic signal. This shift is roughly half as large as the shift that is caused by the nuclear dynamics. These differences demonstrate again that the inelastic scattering adds to the time-dependent changes of the elastic component and has to be considered.
In contrast to the case discussed in our previous work (see Ref. 28) , the total difference scattering patterns in Fig. 3 do not display additional signatures of the coherent mixed component given by Eq. (31) . As already stated before, the large detection window and the pulse duration of d x = 10 fs preclude a detection of the coherent mixed signal. Due to the relatively large separation of the potential energy curves of the X Σ 1 + g and B Σ 1 + u states, the coherent mixed component oscillates rapidly with a period of roughly 300 as and a subfemtosecond pulse would be required for its detection. Moreover, the coherent mixed component vanishes in the limit of the large detection window defined by Eq. (22) because of the different inversion symmetries of the two states.
C. Comment on the Independent Atom Model
With respect to the widely adapted IAM 72, 73 , we note that the model cannot provide a good approximation to the scattering patterns presented in Fig. 3 . It neither accounts for the redistribution of the one-electron density as a result of the excitation, which strongly affects the elastic component, nor for any of the changes in the inelastic component. 29 Though the severity of the model's failure is aggravated by the fact that the hydrogen molecule has only two electrons and the IAM can be expected to perform better when heavier elements are involved, applications to excited molecules in the gas phase should be met with caution. The IAM proved to approximate the absolute scattering signal of stationary molecules reasonably well, but it is not guaranteed that the same holds for timedependent difference scattering signals. Even if the effect of an electronic transition or alterations of the inelastic component are small in terms of the absolute intensity, they may contribute significantly to the changes isolated in the difference scattering signal. This can perhaps be understood in analogy to the role of electron correlation in quantum chemistry: it amounts only to a small fraction of the total electronic energy, but strongly affects the energy differences that are measured in spectroscopy or in the dynamics of chemical reactions.
IV. SUMMARY AND CONCLUSION
To summarize, we present a theoretical description of ultrafast time-resolved x-ray scattering by molecules in the gas phase based on first-order time-dependent perturbation theory and quantum electrodynamics. We have recast existing theory 39, 40 into a coherent and unified framework and explained several details and implications that were not yet fully discussed in published literature. The effect of the detection window is analyzed in detail and different contributions to the scattering signal are identified. For intermediate detection windows that do not allow for discrimination between different rovibrational transitions, this consists of the elastic, the electronically inelastic, and the coherent mixed components. For larger detection windows that do not distinguish between electronic transitions, the total x-ray scattering signal is split into a one-electron, two-electron, and coherent mixed component. We show that the one-electron component yields a constant, global background, whereas all temporal and structural information is contained in the two-electron component, i.e. the excess scattering of Waller and Hartree 48 . Since the latter is related to the Fourier transform of the two-electron density, we emphasize that time-resolved total x-ray scattering by molecules in the gas phase probes more than just the one-electron density and thus provides information beyond the molecular structure. This is in marked contrast to diffraction by crystalline matter, which measures predominantly the Fourier transform of the one-electron density due to coherent amplification of its elastic component.
The coherent mixed scattering is explained in the limit of both intermediate and large detection windows and the conditions necessary for its detection are specified. This further elaborates the theoretical basis for our recent article on the role of electronic coherence in time-resolved x-ray scattering by molecules. 28 It is worth mentioning that the coherent mixed component is caused by intramolecular interference of scattering amplitudes from different electronic states coherently occupied by the molecular wave packet, and should not be confused with the heterodyne interferences that were rejected in a recent debate. 37, [43] [44] [45] Those erroneous heterodyne terms were ascribed to interference between different elastic scattering amplitudes or atomic form factors in an incoherent superposition of states. The coherent mixed component discussed herein always involves at least one electronically inelastic scattering amplitude and can only be detected if the molecule displays some degree of electronic coherence. An incoherent superposition of states in a gas phase sample will inevitably lead to a scattering signal that is purely elastic and inelastic. The detection of heterodyne effects in x-ray scattering is possible only in diffraction by crystalline matter where elastic scattering amplitudes of different atoms can interfere periodically. 43 We show simulations of two-dimensional time-resolved total scattering patterns from a hydrogen molecule excited from the X Σ 1 + g (ν = 0) ground state to the B Σ 1 + u first excited state. Both the elastic and the inelastic components are found to display strong signatures of the nuclear motion as well as of the excitation to the B Σ 1 + u state. These signatures point towards This is the author's peer reviewed, accepted manuscript. However, the online version of record will be different from this version once it has been copyedited and typeset.
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the shortcomings of the widely adapted Independent Atom Model, as discussed in Subsection III C.
Moreover, the coherent mixed component vanished as a consequence of the limit of a large detection window and the chosen x-ray pulse duration of d x = 10 fs (FWHM). The total scattering signal thus reduced to its elastic and inelastic or one-and two-electron components, respectively. Note that this contrasts with our preceding study (see Ref. 28) where the assumed limit of an intermediate detection window and the subfemtosecond pulse duration of d x = 100 as (FWHM) allowed for a detection of the coherent mixed component. An obvious continuation of the present work is to examine the elastic, inelastic, and coherent mixed contributions in polyatomic molecules.
We also note that ultrafast electron diffraction is a closely related experimental technique, both in terms of observables 74, 75 and the physical nature of the scattering process. 56, 76 Unsurprisingly, for sufficiently coherent electron beams, directly analogous effects to the coherent mixed component described in the current paper appear. 77, 78 The theory presented in this paper provides a conceptual framework that can be used to analyze existing and future time-resolved non-resonant x-ray scattering experiments. The framework is well aligned with the formalism required to simulate photochemical and photophysical processes in molecules in the gas-phase. In the condensed phase, a density matrix formalism might potentially be useful to include relaxation processes 25, 37 . Theory will indisputably aid the development of novel experiments to exploit the vast potential of XFELs for ultrafast science. This requires continued theoretical investigation, advanced numerical simulations, and close collaboration between theoreticians and experimentalists to identify challenges on both sides. 
